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Anisotropy effects of Hele-Shaw cells on viscous fingering instability in dilute polymer solutions
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~Received 12 March 2001; published 23 October 2001!

We study the effect of anisotropy of the Hele-Shaw cell on the viscous fingering instability in dilute polymer
solutions with shear thinning. In isotropic cells, the tip-splitting instability is observed at the same pressure
gradient for a fixed polymer concentration, whereas in anisotropic cells the side oscillation instability occurs at
higher pressure gradient than the tip-splitting instability. Narrowing of the finger width in the isotropic cell is
well correlated with the tip-splitting instability, whereas the finger width in the anisotropic cell is almost
independent of the sample. The modified Darcy’s law, where the constant viscosity is replaced by the shear
thinning viscosity, gives good agreement with the experiments, irrespective of the cell and the fluid.
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Viscous fingering instabilities in polymer solutions ha
attracted much attention in the past few decades@1,2#. Poly-
mer solutions in a flow field can develop instability, which
attributable to their non-Newtonian behavior, viscoelastic
shear thinning, shear thickening, yield stress, etc. Such r
logical properties should strongly influence the formation
viscous fingering patterns in polymer solutions. Seve
shear thinning polymer solutions@3–11# and some viscoelas
tic ones@12–15# have been used for viscous fingering expe
ments and a variety of fingering patterns were observ
However, understanding the correlation between the rh
logical properties and the viscous fingering instability
polymer solutions is insufficient.

The effect of anisotropy of a Hele-Shaw cell on visco
fingering instabilities in polymer solutions is a challengi
topic since only a few studies have been performed@10# and
no qualitative understanding was obtained. For semidi
shear thinning polymer solutions in an anisotropic cell@10#,
the finger grew faster along a groove, the width of the fin
was smaller, and a dendrite pattern was observed at hi
velocities.

In this article, we describe viscous fingering experime
on dilute polymer solutions with weak shear thinning
25 °C in isotropic and anisotropic linear Hele-Shaw cells
investigate the effect of anisotropy of the Hele-Shaw cell
the viscous fingering instability by taking into account t
rheological properties of the polymer solutions. The cells
made of two float-glass plates separated by a thin rub
sheet spacer, fixing the gapb50.05 cm. The lengthL and
the widthW of the channel in the cell are fixed to be 20 a
3 cm, respectively. For the anisotropic cell the upper pl
was a glass plate with a thin groove of triangular section
about 0.003 cm width and 0.001 cm depth from an in
toward the unsealed edge. Air is injected at fixed pressure
10, 15, 25, 45, and 90 cm H2O, using the same pressure re
ervoir as described previously@5,8,10# to displace polymer
solutions. The polymer solutions used are polystyrene~PS!
with a molecular weight of 203106 in dioctyl phthalate
~DOP!. The concentrations of PS in DOP solutions used
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0.0, 0.01, 0.1, 0.15, and 0.2 g/100 g, which are less than
overlap concentration of PS chains in DOP, 0.29 g/100 g
higher than those studied by Smith, Wu, Libchaber, Mos
and Witten@4#. The rheological data are measured using
Paar Physica MCR300 rheometer. When a stepwise and
tinuous increase in shear rate is applied to measure the st
state viscosity, the 0.01, 0.1, 0.15, and 0.2 g/100 g PS-D
solutions show weak shear thinning and follow a nea
Newtonian flow as shown in Fig. 1. Except for the 0.0
g/100 g PS-DOP solution, the first normal stress differen
N1 due to the Wissenberg effect are observed above a s
rate of 40 s21 for the 0.1 and 0.15 g/100 g and above a sh
rate of 30 s21 for the 0.2 g/100 g PS-DOP solutions leadin
to overshooting behavior. DOP shows Newtonian behav
as shown in Fig. 1. The surface tensions of the samples
obtained as 30.7, 29.1, 29.5, 29.5, and 29.0 mN/m in orde
increasing PS concentration by the Wilhelmy plate meth
The viscous fingering patterns are recorded with a cha
coupled device camera/recorder method.

The finger tip velocityVt can be calculated from a plot o
the distanceL f from the inlet to the tip of the grown finge
against the necessary time. In the plot a straight portion
obtained for the distanceL f55 – 6 cm from the inlet and
beyond that distance the plot data deviate positively from
initial straight line, irrespective of the injection pressure
the sample. The relative finger widthl defined by the ratio

1-
FIG. 1. Steady state viscosity data for DOP~d! and 0.01~s!,

0.1 ~h!, 0.15 ~n!, and 0.2~,! g/100 g DOP-PS solutions as
function of the shear rate.
©2001 The American Physical Society06-1
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of the finger width and the cannel widthW, is another im-
portant and characteristic quantity in understanding the
ger pattern and the finger width can be calculated from
increase of the displaced areaA by air in time t:l
5(1/Vt)(dA/dt)/W @14#. Each plot of A against t has a
straight portion for the distanceL f of 5–6 cm. Therefore, for
the distanceL f55 – 6 cm the finger growth can be regard
as in steady state.

For DOP in the isotropic cell, the single finger is simil
to a Saffman-Taylor finger, whereas in the anisotropic ce
narrower and more pointed finger is observed and its shap
similar to those for Newtonian fluids in a grooved line
Hele-Shaw cell@16#. Moreover, the DOP solvent shows n
branched pattern for the injection pressure ranges stu
here in either cell. In the isotropic cell each PS-DOP solut
shows tip-splitting growth, irrespective of the injection pre
sure. Typical viscous fingering patterns of the 0.01, 0.1, 0
and 0.2 g/100 g PS-DOP solutions at the fixed injection pr
sure of 45 cm H2O are displayed in Fig. 2. In the anisotrop
cell the 0.01 g/100 g PS-DOP solution shows only a poin
finger pattern for the entire injection pressure range. T
difference can be attributed to the fact that flow instabil
occurs at higher velocities since the fingers in the latter
are more stable than those in the former cell. When the
concentration is increased, tip splitting occurs at short d
tances from the inlet in the isotropic cell, whereas the fin
in the anisotropic cell is a more pointed one with sides m
less smooth by weak oscillations. Therefore, it seems tha
tip-splitting and/or the side oscillation instabilities occ
when the pressure gradient exceeds some value. The pre
gradient is defined by the ratio of the injection pressure
the distanceL2L f between the finger tip and the outlet.

First, we estimate the pressure gradient at the onset o
tip splitting in the PS solutions. The onset pressure gradie
for the 0.01, 0.1, 0.15, and 0.2 g/100 g PS-DOP solutions
obtained as 290, 126, 115, and 91 Pa/cm, respectively,
spective of the injection pressure. This means that the
splitting instability appears when the value ofVt increases
beyond a threshold tip velocity. From the value ofVt we can
obtain the imposed shear rate of 2Vt /b; the imposed shea
rates at the threshold of the tip-splitting instability are o
tained as 100, 45, 17, and 13 s21 for the 0.01, 0.1, 0.15, and
0.2 g/100 g PS-DOP solutions, respectively. We note t
these are close to the shear rates at the onset of shear

FIG. 2. Typical fingering patterns of 0.01~a!, 0.1 ~b!, 0.15 ~c!,
and 0.2~d! g/100 g DOP-PS solutions at the injection pressure of
cm H2O in the isotropic~I! and anisotropic~II ! Hele-Shaw cells.
The finger length is 15 cm.
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ning of the steady state viscosities for the corresponding
DOP solutions as shown in Fig. 1. The observed shear t
ning behavior is due to the viscoelastic properties of the
DOP solution, leading to the tip-splitting instability. In othe
words, the PS chain used in the present study has a large
and it should yield viscoelastic normal forces even below
overlap concentration.

Furthermore, in a viscous fingering experiment, it is re
sonable to consider that the fingering pattern should grow
the imposed shear rate. Thus, we tried to measure the va
of N1 for the PS-DOP solutions from a one-shot steady s
viscosity measurement under nearly the same imposed s
rate as at the threshold of the tip-splitting instability, a
values ofN1 less than 2–3 Pa were obtained. Thus we ha
shown experimentally that a viscoelastic normal force occ
at nearly the shear rate for the onset of the tip-splitting
stability. In addition, the tip-splitting instability observed i
the present study may be similar to that observed by V
and Maher @15#, who investigated viscous fingering i
Borger fluids, namely, constant viscosity elastic fluids.

On the other hand, in the anisotropic cell the finger ins
bility corresponds to weak oscillation on the two sides of t
finger as shown in Fig. 2. The shape can be classified
dendrite pattern. However, the wavelength and amplitude
such side oscillations cannot be determined. Moreover,
sometimes not easy to estimate the position where suc
side oscillation instability first appears compared to the
sition where the tip-splitting instability occurs. The pressu
gradients at the onset of the side oscillation instability ran
from 400 to 600 Pa/cm.

Next, we focus on the steady state finger tip velocityVt
defined by fitting an initial straight line to the plot of th
distanceL f from the inlet to the tip of the grown finger as
function of time. In order to obtain the velocityV of the fluid
far away from the finger, theVt value can be modified by the
finger width l as follows:V5Vtl. Such an average finge
velocity V can be related to Darcy’s lawV5(b2/12h)¹p,
where h is the viscosity and¹p is the pressure gradien
Moreover, in order to test Darcy’s law for non-Newtonia
fluids, we should replace the constant viscosityh by an ef-
fective viscosityheff at the imposed shear rate defined
2Vt /b @11,17,18#. Thus, the modified Darcy’s law can b
defined asV5(b2/12heff)¹p and theheff value can be ob-
tained from interpolation of a plot of the steady state visc
ity against the shear rate as shown in Fig. 1. In Fig. 3
values ofV for steady state finger growth are plotted agai
the value of (¹p/heff) and the dashed straight line drawn
the figure corresponds to the value of (b2/12), where the
pressure gradient is calculated by puttingL f55 cm. The fit
of the resulting data to the modified Darcy’s law is goo
irrespective of the cell and the fluid.

The relative finger widthl is well known to be related to
the dimensionless parameter 1/B512(heff ,Vt /g)(W/b)2

@19,20#, whereg is the surface tension of the displaced, mo
viscous fluid. The values ofl in steady state of finger growth
are plotted against 1/B in Fig. 4. Thel values in the isotropic
cell are larger than those in the anisotropic cell and they t
to approach a plateau value of ca. 0.35 at higher velocit
although they are somewhat scattered. Moreover, thel pla-
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teau value for the PS-DOP solutions is clearly smaller th
the l value of 0.5 for the solvent DOP. This can be w
correlated with the finger pattern morphology, namely,
PS-DOP solutions show a tip-splitting pattern. Moreover,
viscous finger narrowing for a shear thinning polymer so
tion qualitatively agrees with the theoretical prediction
Poire and Ben Amar@21#.

In the anisotropic cell, on the other hand, thel values can
be almost fitted with a smooth curve, irrespective of t
sample, and it approaches a plateau value of ca. 0.25.
smaller plateau value ofl may be mainly attributed to the
fact that the effects of anisotropy of the Hele-Shaw cell s
press the tip-splitting instability due to the faster fing
growth along the groove.

In conclusion, we have demonstrated viscous finger

FIG. 3. Plots ofV for DOP ~circles!, 0.01 ~squares!, 0.1 ~up
triangles!, 0.15 ~down triangles!, and 0.2 ~diamonds! g/100 g
DOP-PS solutions as a function of¹p/heff in the isotropic~open
symbols! and anisotropic~filled symbols! Hele-Shaw cells. The
dashed straight line has a slope of (b2/12).
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instability of dilute polymer solutions with weak shear thi
ning in isotropic and anisotropic linear Hele-Shaw cells. T
splitting and side oscillation instabilities are observed in is
tropic and anisotropic cells, respectively. The form
instability occurs at the same pressure gradient for fix
polymer concentration and it can be related to the onse
shear thinning due to viscoelastic normal forces. The aver
finger velocity data are in good agreement with a modifi
Darcy’s law, irrespective of the cell. Narrowing of the fing
in the isotropic cell is induced by the tip-splitting instability
whereas the finger width in the anisotropic cell is indepe
dent of the sample.
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FIG. 4. Plots ofl for DOP and for 0.01, 0.1, 0.15, and 0.2 g/10
g DOP-PS solutions as a function of 1/B in the isotropic and aniso-
tropic Hele-Shaw cells. Symbols in the figure are the same a
Fig. 3. The solid lines are guides for the eye.
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